We investigate the Markovian evolution of strongly coupled harmonic oscillators. The unitary evolution of linearly coupled harmonic oscillators can be described analytically, but a complete picture of the dynamics should also take into account the irreversible system-environment coupling. In the present work we provide an explicit derivation of the master equation for two strongly coupled harmonic oscillators which are subject to individual heat baths modelled by a collection of harmonic oscillators. We compare the results with the evolution obtained by phenomenologically introducing dissipation using local Lindblad terms for each individual oscillator, and discuss the validity of such a model, together with the effect it has on the entanglement between the oscillators.
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I. INTRODUCTION
The concept of coupled harmonic oscillators is important for understanding the physics of various diverse physical systems, including the interaction between vibrational degrees of freedom of ions in an ion trap [1] , quantum fluctuations of mechanical and optical modes around the classical steady state value in an optomechanical cavity [2] [3] [4] [5] , or the interaction between coupled nano-sized electromechanical devices arranged in an array [6] .
A simple physical scenario, yet endowed with nontrivial quantum features, is the system of two coupled harmonic oscillators. The Hamiltonian describing the dynamics of two bilinearly coupled harmonic oscillators (with = 1) takes the form H int = κx 1x2 , where κ is the interaction strength between the two oscillators with dimensionless position quadratures denoted byx 1 and x 2 respectively. Expressing the position quadratures in terms of annihilation and creation operators we can write the interaction Hamiltonian as
whereâ andb refer to the modes of the two coupled oscillators. In commonly encountered physical situations, the oscillators are weakly coupled to each other, so that κ ω, where ω is the resonant frequency of each coupled oscillator. If the above condition is met, then the interaction between the oscillators can be simplified under the rotating wave approximation (RWA) [7, 8] . Under the RWA, the fast oscillating two-mode squeezing termsâb andb †â † are dropped from the Hamiltonian. The Hamiltonian (1) then conserves the number of excitations and can be straightforwardly solved using a simple rotational transformation to the center of mass and * Electronic address: cj30@st-andrews.ac.uk the relative modes of the two oscillators. In the present work, however, we are interested in the regime when the oscillators are strongly coupled to each other. Thus we will not simplify the interaction between the oscillators using the RWA but instead work with the full interaction Hamiltonian (1).
Every physical system will always to some degree be coupled to its external environment, hence a realistic model should also take this into account. Often when investigating the dynamics of coupled harmonic oscillators, the damping due to the interaction with the environment is added in the form of local Lindblad terms for each oscillator [2, 4, 5, 9, 10] . This approach is certainly valid if the couplings are weak. One might expect that the form of the damping for each coupled oscillator is independent of strength of the coupling between them. As pointed out early on by Walls, however, in a system of strongly coupled bosonic modes, modelling dissipation through local damping of each individual mode may become questionable [11] .
Master equations have been derived for the case of two strongly coupled harmonic oscillators interacting with independent baths with flat [12] and ohmic [13] spectral densities. In both of these studies the interaction between the oscillators are described using the RWA. In this paper we shall work in a regime where we explicitly take into consideration the role of counter-rotating terms in the Hamiltonian (1) and derive a master equation for the two bilinearly coupled harmonic oscillators. To further elucidate the role of counter-rotating terms in the Hamiltonian (1), we shall compare the solution of the master equation obtained in this way to the solution in the case when the coupling between the oscillators and their local baths is introduced phenomenologically in the form of local Lindblad terms.
The paper is organised as follows. In section II, the master equation describing the evolution of two coupled oscillators is derived, for the case when each oscillator undergoes damping through a local Lindblad term. This 2 is followed by section III where a Markovian master equation describing the evolution of two strongly coupled oscillators is derived, assuming that each oscillator interacts with a local bath of harmonic oscillators. In section IV we compare the evolution of the two coupled oscillators, when dissipation is modelled using the above two approaches. Finally, we conclude the paper with discussions in section V.
II. LOCAL LINDBLAD-TYPE DISSIPATION
Consider two resonantly coupled harmonic oscillators with modes labeled a and b, interacting bilinearly with a position-dependent coupling. The unitary evolution of the two coupled oscillators is then described by the Hamiltonian
where ω is the resonance frequency of each oscillator and κ is the coupling strength between the two oscillators. We can generalise the Hamiltonian (2) as
where when κ = , equation (3) reduces to (2) . In the present study we are interested in the evolution of the coupled harmonic oscillators initially prepared in Gaussian states. The Hamiltonian (3) is quadratic in position and momentum coordinates, hence the initial Gaussian nature of the state is also preserved. Any realistic model of a physical system should take into account the inevitable coupling between the system of interest and the environment. If the two coupled oscillators interact with an environment which itself can be described by a Gaussian state, with an interaction Hamiltonian that contains at most terms quadratic in annihilation and creation operators, then the two coupled oscillators maintain their initial Gaussian character even during the resulting dissipative evolution. In this section, we shall consider the case where dissipative dynamics is modelled by adding local Lindblad operators for each individual oscillator. As we will show in this paper, adding such local Lindblad terms to the master equation must be carefully justified, and may in fact lead to incorrect dynamics when the environment is modelled as a bath of harmonic oscillators.
We thus assume that the time evolution of the system of two coupled harmonic oscillators in the Born-Markov approximation is described by the Lindblad-type master equation
where L j ρ = 2ĵρĵ † −ĵ †ĵ ρ − ρĵ †ĵ and Γ j is the decay rate of the jth oscillator, which is coupled to a heat bath with average thermal occupancyn j .
One way to solve the master equation (4) is to rewrite it in terms of a partial differential equation for the two-mode quantum characteristic function. We define a normal-ordered characteristic function as
and make a Gaussian ansatz for the time-evolved characteristic function,
where
Using the Gaussian ansatz for the quantum characteristic function χ(u, v, w, t) it easily follows that
Using (8) and (9), the partial differential equation (5) for χ becomes
(10) Recalling that L(t) is symmetric, we can write
where P(t) and R(t) are 2×2 symmetric matrices. Taking the symmetric part of (10) results in two matrix differential equations
Thus solving the master equation (4) 
In the next section we shall derive a master equation describing the dynamics of two strongly coupled harmonic oscillators where their individual environments are modelled as collections of harmonic oscillators. By numerically solving both master equations we shall then, in section IV, compare the dissipative evolution of the two strongly coupled harmonic oscillators in these two cases.
III. BATH-INDUCED DISSIPATION
A master equation of standard Lindblad form guarantees the positivity of the time-evolved density matrix. It may seem justified to simply add local Lindblad terms acting on the individual coupled oscillators a and b, as was done in the previous section, but as we will show next, this is fraught with pitfalls. In what follows we shall derive a Markovian master equation for two strongly coupled harmonic oscillators which are harmonically coupled to their local heat baths.The result is a master equation of Lindblad form, but the Lindblad superoperators L do not act locally on each individual oscillator.
The oscillators are as before labelled a and b and their coupled dynamics is governed by the Hamiltonian (3). We consider a scenario where the two oscillators are irreversibly coupled to local heat baths, each of which is modelled as a collection of many harmonic oscillators. The Hamiltonian corresponding to the two independent local heat baths is given by
whereĉ Ω andd Ω represent the destruction operators for the bosonic modes of the local heat baths for oscillators a and b, respectively. Assuming a bilinear coupling between the position quadratures of each oscillator and the modes of their local heat baths, the system-environment interaction takes the form
where ζ Ω and η Ω are the coupling strengths between each individual oscillator and the corresponding environment. The two coupled oscillators undergo unitary evolution described by the Hamiltonian
Using the Hamiltonian (16), a master equation describing the dissipative evolution of the two coupled oscillators will now be derived.
A. Derivation of the coupled oscillator master equation
In order to derive a master equation for the two coupled harmonic oscillators we shall first diagonalize the Hamiltonian (3) by defining the center of mass and relative modes,ê =â +b
The Hamiltonian (3) now becomes
which can be diagonalized using a Bogoliubov transformation
The Hamiltonian (19) then takes the simplified form
with
where α i and β i are of the form
For the coupled oscillators to maintain their oscillatory behaviour, κ < |ω− | is required. Thus the free evolution of the two coupled oscillators and their local environment is given by
Re-expressing the bare modes a and b in terms ofl and m, the Hamiltonian (16) in the interaction picture with H 0 = H sys + H env becomes
where H I (t) = e −iH0t H int e iH0t ,l I =l e −i(α11+α22)t ,m I = m e −i(β11+β22)t ,ĉ I =ĉ e −iΩt ,d I =d e −iΩt and a factor of 1/ √ 2 has been absorbed into the definition of ζ Ω and η Ω .
If the system-reservoir coupling is weak we can simplify the interaction Hamiltonian (32) using the rotating wave approximation (RWA). Invoking the RWA essentially amounts to dropping the fast oscillating terms proportional toĉ IlI ,ĉ ImI ,d IlI ,d ImI and their Hermitian conjugates from the Hamiltonian (32), which results in
where the noise operators are given bŷ
t ). (35)
Using the RWA and in the interaction picture with H 0 = H sys + H env , the joint state of the oscillators and their local environments, represented by the total density matrix ρ I , evolves according tȯ
where H I (t) is given by Eq. (33). We assume that at t = 0 the joint state of the system and environments is factorizable so that ρ I (t = 0) = ρ e (0) ⊗ ρ sys (0) where ρ e (0) is the joint initial state of the two local baths and ρ sys (0) is the density matrix of the two coupled harmonic oscillators. The evolution of the density matrix ρ sys representing the state of the two oscillators is given bẏ
where Tr e denotes the trace over the environmental degrees of freedom. If we also assume that the state of the environment for each oscillator remains unaffected as a result of the coupling, then the joint state of the system evolves as ρ I (t) = ρ e (0) ⊗ ρ sys (t). Formally integrating (36) gives
which when substituted in (37) gives an integrodifferential equation for the state of the oscillators,
For an environment in thermal equilibrium the first term in (39) is identically zero. Using (33) the above integrodifferential equation takes the forṁ
Equation (40) can be rearranged aṡ
For environments in thermal equilibrium with flat spectral densities such that ζ Ω = ζ and η Ω = η, together with the Markov approximation, one obtains
One can easily verify that in the case of symmetric coupling of each oscillator to its own environment at zero temperature such that πζ 2 = πη 2 = Γ, one obtains the following master equation in the Schrödinger picture,
where ρ(t) = e −iHsyst ρ sys (t)e iHsyst is the density matrix representing the state of the two coupled oscillators in the Schrödinger picture and the only non-zero two-time noise correlation functions are of the form
Reverting back to the bare modes a and b, the master equation (44) takes the forṁ
Using the numerical solution of equations (5) and (55), equivalently, equations (4) and (47), we can compare the time evolution of the state of the two coupled oscillators initially prepared in Gaussian states. This is the subject of the next section.
IV. TIME EVOLUTION
By numerically solving the master equations obtained in sections II and III, we can now easily compare the results of the two approaches. We are interested in studying the time evolution of coupled harmonic oscillators initially prepared in Gaussian states. The state of the coupled oscillators can therefore be fully characterised in terms of the covariance matrix. Figures 1(a) and 1(b) show the average number of excitations for each coupled oscillator evolving according to the equations (4) and (47). One can clearly see that the dissipative dynamics is different depending on which master equation and model for dissipation is used. As will be discussed later, the mismatch between the two approaches will become even stronger when one looks at the steady-state solutions of the two different master equations obtained through the above two approaches.
To quantify the quantum correlations between the two coupled oscillators, we investigate the entanglement between the oscillators initially prepared in Gaussian states. For the case of two-mode Gaussian states, the covariance matrix V is a 4×4 symmetric matrix with V ij = ( R i R j + R j R i )/2 where i, j {a, b} and R T = (q a ,p a ,q b ,p b ). Herê q i andp i are the position and momentum quadratures of the ith oscillator. To characterise the entanglement dynamics we use the logarithmic negativity which is an entanglement monotone and relatively easy to compute. For a two-mode Gaussian continuous-variable state with covariance matrix V, the logarithmic negativity is obtained as N = Max[0, −log(2ν − )] [14] , where ν − is the smallest of the symplectic eigenvalues of the covariance matrix, given by ν − = σ/2 − (σ 2 − 4DetV)/2. Here
where A numerical solutions of the partial differential equations (5) and (55) we compute the logarithmic negativity, shown in Fig. 2(a) and Fig. 2(b) . As can be seen from these figures, the two different approaches for modelling the system-reservoir interactions, discussed in sections II and III, yield quantitatively very different results as far as quantum correlations between the two oscillators are concerned.
The difference in the dynamics, for the two approaches can be further illustrated by computing the quantum fidelity between the time-evolved state of the two oscillators. In general, finding the fidelity between two quantum states is difficult, but for Gaussian states it is possible to arrive at a closed-form expression for the quantum fidelity in terms of the covariance matrix. We trace over the state of one of the oscillators, and compute the fidelity between the two different single-oscillator states resulting from the numerical solutions of equations (5) and (55).
The one-mode quantum characteristic function χ( a ) can be deduced from the two-mode quantum characteristic function χ( a , b ) through the identity χ( a , t) = χ( a , b = 0, t). In this way a one-mode Gaussian state of the pair of oscillators can be defined, which is used for calculating the corresponding fidelity.
The quantum fidelity between two one-mode Gaussian states can be computed from
and where A i is the 2×2 covariance matrix corresponding to the i:th mode [15, 16] . The time evolution of the fidelity between the solutions of sections II and III is shown in Fig. 3(a) and Fig. 3(b) , where the initial state was chosen to be the ground state of each oscillator. As can be seen from these figures, when the inter-mode coupling strength between the oscillators increases, the fidelity between the time-evolved one-mode Gaussian states of each oscillator obtained through the solution of master equations (4) and (47) decreases. Thus it is evident that if the oscillators are strongly coupled then the solution of the master equation (4) starts to disagree with the solution of the master equation (47). Nonetheless the fidelity between the two solutions stays much above 99 % for a wide range of coupling strengths , κ. It should be noted from Fig. 3 (a) and 3(b) that the mismatch between the solutions of the master equations (4) and (47) becomes more prominent on increasing the two-mode squeezing interaction strength κ.
One of the main differences in the dissipative evolution of two coupled oscillators modeled as discussed in sections II and III is brought to light when one looks at the steady-state solutions of the master equations (4) and (44) respectively. Re-expressing the coupled oscillator operatorsâ andb and their Hermitian conjugates in terms of the operators for the normal modesl,m and their Hermitian conjugates, for identical heat baths (Γ a = Γ b = Γ) at zero temperature (n a =n b =0), the master equation (4) 
where Lx=2xρx † −x †x ρ−ρx †x andLx=2xρx−xxρ−ρxx. Now it is a simple matter to verify that the steady state of master equation (44) is ρ ss =|0 ee 0|⊗|0 f f 0| but that this is not the steady state of the master equation (62). This is one of the crucial findings of the present work, and may be of great significance in understanding the entanglement properties of the ground state of coupled harmonic oscillators. 
V. CONCLUSIONS
We have investigated Markovian master equations for two coupled harmonic oscillators where the interaction between the oscillators is modelled beyond the RWA. We compared two situations. First, the dissipation of each oscillator was modelled with Lindblad terms in the master equation, added phenomenologically to each individual oscillator. This situation was then compared to the case where each oscillator is coupled to a bath of harmonic oscillators. The difference in approach may seem innocuous, but will in fact result in different steady state solutions, which may give rise to non-trivial differences in ground state properties especially with regards to nonclassical correlations.
